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Mé& dau

.]. 2 ;.

Ta nhan thy rang khai trién thap ctia 1/7 la thuan tiy tuan hoan, véi chu ky 1a 6,
vdi khoéi 1ap lai 1a 142857. Néu ta chia déi khéi lap lai nay thanh 2 phan va cong
chung lai ta sé nhan dugc mot s6 gom toan sb 9: 142 + 857 = 999. Day la mét vi du
minh hoa cho mot két qua thu vi ctia Midy néi rang gia st khai trién thap phan ctia
1/p, & day p 1a mot s6 nguyén t6, c6 chu ky chén, khi d6 néu ta chia déu khdi lp lai
thanh 2 phan A va B thi A + B 1a mot s6 toan s6 9.

Muc tiéu ctia ludn vin 1a tim hiéu mot s6 tinh chat co ban, thad vi vé khai trién
thap phan cta s6 hiru ty. Tim hiéu vé dinh ly Midy dé cap & trén va mot s6 md rong
cta no.

Ngoai phan M& dau, Két luan va Tai liéu tham khéo, b6 cuc ctia luan van dugc

chia lam ba chuong.

Chuong 1. M6t s6 kién thirc chuan bi

Chuong nay trinh bay vé dong du, dinh 1y Euler, cAp ctia s6 nguyén modulo 7.
Chuong 2. Phan s6 tuan hoan

Chuong nay trinh bay mét s6 tinh chat va chu ky ctia phan s6 tuan hoan
Chuong 3. Dinh ly Midy

Chuong nay trinh bay vé Dinh ly Midy va mot s6 hudéng mé rong.
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Luan van nay dugc thuc hién va hoan thanh vao thang 6 nam 2020 tai truong Dai
hoc Khoa hoc- Pai hoc Thai Nguyén. Qua day, tac gia xin bay t6 long biét on sau sac
t6i PGS. TS Nguyén Duy Tan, ngudi da tan tinh hudng dan trong sudt qua trinh lam
viéc dé€ hoan thanh luan van nay. Tac gia xin gt 10i cdm on chan thanh dén Khoa
Toan-Tin, Trudng Pai hoc Khoa hoc - Pai hoc Thai Nguyén, da tao moi diéu kién dé
gitp tac gia hoc tap va hoan thanh luan van ciing nhu chuong trinh thac si. Tac gia
cling xin gui 1oi cam on tdi tap thé 16p cao hoc K12A7, khéa 2018 - 2020 da dong
vién gitip dd tac gia trong qua trinh hoc tip va hoan thanh luan van nay. Dong thoi
tac gia xin gtri 10i cAm on t6i Ban giam hiéu va cac dong nghiép tai truong THPT Lé
Ich Moéc, Thity Nguyén, Hai Phong da tao diéu kién cho tac gia trong subt qua trinh

hoc tap va hoan thanh ludn van.

Xin chan thanh cam on.
Thai Nguyén, thang 6 nam 2020

Nguoi viét luan van

Bui Thi Phuong Thao



Chuong 1
Kién thitc chuan bi

Chuong nay trinh bay mét s6 kién thitc vé dong du, Pinh ly Euler, cAp cia mot
s6 nguyén modulo 7 va thang du toan phuong. Tai liéu tham khéao cho chuong
nay la [3], [4] va [7]. Mot s6 tinh toan trong ludn van nay st dung cong cu trang

worlframalpha.

1.1. Dong du va Pinh ly Euler
Cho 7 1a mét s6 nguyén duong.

DPinh nghia 1.1.1. Cho hai s6 nguyén a va b, ta néi a dong du v6i b modulo 1, viét

a=b (mod n) néua — b chia hét cho .

Quan hé dong du c6 nhiéu tinh chdt nhu quan hé bang nhau.
1. V&i moi s6 nguyén 4, a = a (mod n).
2.Néua=b (mod n)thib=a (mod n).
3.Néua=b (mod n)vab=c (mod n)thia=c (mod n).
4.Néua =b (modn)vaic=d (modn)thia+c = b+d (mod n) vaac = bd

(mod n).

Dinh nghia 1.1.2 (Phi-ham Euler). Vé&i s6 nguyén duong n, ¢(n) 1a s6 cac s6 nguyén
duongamal <a<mnvagecd(a,n)=1,tacla

p(n) =#{1<a<n|ged(n) =1}

Vi du 1.1.3. Duéi day 1a mot sb gia tri cta ¢(n).
p(1) = p(2) = #{1} = 1.
p(3) =#{1,2} =2.



-¢(4) =#{1,3} =2.

-p(5) = #{1,2,3,4} = 4.
-p(6) = #{1,5} =2.

- ¢(7) = #{1,2,3,4,5,6} = 6.
- p(8) = #{1,3,5,7} = 4.
-(9) =#{1,2,4,5,7,8} = 6.

-p(10) =#{1,3,7,9} = 4.

Pinh ly 1.1.4 (Dinh ly Euler). Cho n la mét s6 nguyén duong va a la mot s6 nguyén

nguyén to ciing nhau véi n. Khi dé a®™ =1 (mod n).
Khi 7 = p 1a s6 nguyén t6 thi ¢(p) = p — 1 va ta thu duogc Dinh ly Fermat nhé.

Dinh 1y 1.1.5 (Dinh ly Fermat nhd). Cho p la mét sé nguyén ducong va a la mot s6 nguyén
nguyén to cing nhau véi p. Khi dé a?~' =1 (mod p).

Mot sb tinh chat ctia phi-ham Euler.
1. Néu m vanla hai s6 nguyén duong nguyén t6 ciing nhau thi ¢ (mn) = ¢(m)p(n).

r r—1

2. Néu p 1a mot s6 nguyén t6 va r nguyén duong thi ¢p(p") = p" — p
Tix hai tinh chat trén, ta suy ra cong thiic ctia ¢(n) nhu sau: Néu n = pi'-- - pf la

phan tich ra Ity thira nguyén t6 ctia n thi

o (1-3)--3)

1 1 4
Vi du: ¢(100) = ¢(225%) = 100 (1 — 5) (1 - 5) =100- 5 - = = 40.

1.2. Cap cta s6 nguyén modulo #

Cho 7 1a mét s6 nguyén duong > 1. Theo Dinh ly Euler, vi moi s6 nguyén a nguyén
t6 cting nhau véi n, ta c6 a? (" =1 (mod n). Nhu vay, ton tai it nhat mot s6 nguyén

duong k sao cho a* =1 (mod n).

Pinh nghia 1.2.1. Cho a 1a mdt s6 nguyén nguyén to cting nhau véi 1. Ta goi cdp cila

a modulo n, viét ord,,(a) 1a s6 nguyén duong k nhoé nhét sao cho 2 =1 (mod n).
Trong chuong sau ta sé thay chu ky cta khai trién thap phan cta phan s6 1/n

(v6i n nguyén t6 cung nhau véi 10) bang ord,(10). Do vay, trong cac vi du trong

chuong nay, ta chi trinh bay tinh toan véi ord, (10).



Vidu 1.2.2. Ta tim ord;(10). Ta ¢6

10! =3 (mod7),10°=2 (mod7),10°=6 (mod 7),
10*=4 (mod7),10°=5 (mod7),10°=1 (mod 7).

Vay ordy(10) = 6.

Vi du 1.2.3. (i) Ta tim tit ca s6 s6 nguyén duong n sao cho ord,(10) = 1. Ta c6
10! = 1 (mod n). Do vay n | 9, nhu vay n = 3 hoac 9. Thit lai ta thay ord;(10) =
ordg(10) = 1.

(ii) Ta tim tat ca s6 sd nguyén duong n sao cho ord,(10) = 2. Ta c6 10> = 1
(mod 1). Do vay n | 99. Két hop phan (i), ta suy ra n = 11,33 hodc 99. Thtt lai ta
thdy ordy;(10) = ords3(10) = ordgy(10) = 2.

Ménh dé 1.2.4. Cho a va n la hai s6 nguyén nguyén t6 ciing nhau vdi n > 0. Khi dé sb

nguyén x thoa man a* =1 (mod n) néu va chi néu ord,(a) | x.

Chitng minh. Pat k = ord,(a). Gia st k | x. Khi d6 x = mk véi m nguyén duong nao
do. Ta co

* = (@)"=1"=1 (mod n).

Déi vdi chiéu ngugc lai, ta gid st ¥ = 1 (mod n). Ta chia x cho k, ta dugc
x=q-k+r,6day0 <r <k.Taco

1=a*=a"™" = ("% =4a" (mod n).

Dovaya =1 (mod 1n). Vi0 < r < knén r = 0 vi theo dinh nghia k = ord,(a) la s6
nguyén duong y nhé nhatsao choa’ =1 (mod n). Nhuvay x = q-kvak|x. O

Két hgp voi Dinh ly Euler ta c6 ngay hé qua sau.

Hé qua 1.2.5. Cho a va n la hai sé nguyén nguyén té cing nhau véi n > 0. Khi dé

orca(a) | 9(n).
NGi riéng, néu n = p nguyén to thi ord,(a) | p — 1.

Str dung hé qua trén ta c6 thé tinh cap ctia s6 nguyén modulo 7 kha nhanh chéng.

Vidu 1.2.6. (1) Ta tinh lai k = ordy(10). Ta c6 ¢(7) = 6, nén k phai la udc cta 6. Do
vay k = 1,2,3 hoac 6. Ta c6

10! =3 (mod7),10°=2 (mod7),10°=6 (mod 7).



Do vay k = 6.
(2) Ta tinh k = ord;3(10). Ta c6 ¢(13) = 12, nén k phai la udc cta 12. Do vay
k=1,2,3,4,6 hoac 12. Ta c6

10' = -3 (mod 13),10° = =4 (mod 13),10° = —1 (mod 13),
10*=3 (mod 13),10° =1 (mod 13).
Do vay k = 6.
(3) Ta tinh k = ordy;(10). Ta ¢6 ¢(21) = ¢(3)$(7) = 2 -6 = 12, nén k phai la udc
cua 12 Dovay k =1,2,3,4,6 hoac 12. Ta ¢6

10! =10 (mod 21),10*=16 (mod 21),10° =13 (mod 21),
10*=4 (mod21),10°=1 (mod 21).
Do d6 k = 6.

Hé qua 1.2.7. Cho n > 1 la s6 nguyén duong véi gcd(n,10) = 1. Néu ton tai s6 nguyén
duong v sao cho n | 10° + 1 thi ord,, (10) la chan.

Chitng minh. Ta c6 10° = —1 (mod n) va do vay 10?° = 1 (mod n). Theo Ménh dé
1.2.4, 0rd,(10) | 20. Gia st ord, (10) 1é. Khi d6 ord, (10) | v. Do vay 10° =1 (mod n)
(lai theo Ménh dé 1.2.4). Tasuyra —1 = 10° = 1 (mod 1) va2 = 0 (mod n). Diéu
naylavoly vin # 2. O
Chu y 1.2.8. (1) N6i chung trong hé qua & trén ta khong c6 khang dinh theo chiéu
nguoc lai. Vi dy, v6i n = 21 thi ordy; (10) = 6 chan, nhung 21 { 10° + 1 v&i moi sd
nguyén duong v. That vay, gia st ton tai v nguyén duong sao 21 | 10° + 1. No6i riéng
10° +1 =0 (mod 3). Nhung ro rang 10° +1=1+1 = 2 (mod 3), ta c6 diéu mau
thuan.

(2) Tuy nhién, khi 7 1a nguyén t6 thi trong hé qua trén ta c6 khang dinh theo
chiéu ngugc lai. Cu thé hon, néu n = p 1a s6 nguyén t6 khac 2 va 5, va ord, (10) = 2r
la chan, thi p | 10" + 1. That vay, ta ¢6 10* = 1 (mod p). Do vay p | 10> — 1 =
(10" — 1)(10” + 1). Vi p nguyén td, nén p 1a u6c ctia 10" — 1 hodc ctia 10" + 1. Vi 2r
1a cAp ctia 10 modulo p va 2r > rnén 10" # 1 (mod p), ticla p + 10" — 1. Ta suy ra
p|10"+1.

1.3. Thang du toan phuong

DPinh nghia 1.3.1. Cho p 1a mot s6 nguyén t6 va a 1a mot s6 nguyén sao cho p 1 a. S6

a dugc goi la mot thing du toan phucong modulo p néu ton tai mot sé nguyén x sao cho
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a = x? (mod p). Néu khong ton tai mot s nguyén x nao sao cho a = x> (mod p)

thi ta néi a la phi thing du toan phwong modulo p.

Vi du. Cac s6 1,2,4 1a cac thing du toan phuong modulo 7, trong khi d6 3,5 va 6 la
khong thang du toan phuong modulo 7.

Dinh nghia 1.3.2 (Ky hiéu Legendre). Cho p la mot s6 nguyén t6 1é khong chia hét
s6 nguyén a. Ta dinh ngha:
(g ) 1 néu a la thang du toan phuong modulo p
P —1 néu a khong la thang du toan phuong modulo p .
Ky hiéu nay dugc goi 1a ky hiéu Legendre.
Mot s6 tinh chat
Cho p 1a s6 nguyeén t6 1é khong chia hét cac s6 nguyén a va b. Khi d6 ta c6 cac tinh

chat sau.

1 (“Z) _

() - BIo)

> p

3. E =a Tl (modp) (Tiéu chuan Euler).

4. Néua = b (modp) thi 5):(9)
eua (modp) thi (P ;

5 (__1) _ {1 néup=1 (mod 4).
P —1 néup =3 (mod 4)
] (%) {1 néu p = +1 (mod 8)
P/ | -1 néup= 43 (mod 8)

Pinh 1y 1.3.3 (Luat thuan nghich toan phuong Gauss). Gid st p va q la cdc s6 nguyén
{6 16 phan biét. Khi dé néu p =1 (mod 4) hoic g = 1 (mod 4) thi (E - (%) v néu

p =g =3(mod4) thi (g) =— (%)

Hé qua 1.3.4. Cho p la mgt sé nguyén t6 khdc 5. Khi doé

(5) 1 néup=+1 (mod>5)
p ~1 néup=42 (mod5)



